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A problem of Lighthill and Levich, where convective heat (mass) transfer occurs 
through a boundary layer, is considered. This gives rise to a certain integral 
equation. The unique L, solution of a generalized version of this integral equation 
is obtained providing the solution, in closed form, of the original problem. 
1. INTRODUCTION 
In 1950 Lighthill [ 1 ] reformulated a model of convective heat transfer 
through a laminar boundary layer, a problem which had previously been 
considered by Pohlhausen (1921), Fage & Falkner (1931), Squire (1942) 
and Chapman & Rubesin (1949) (see [ 11). This problem has a direct 
analogue in the theory of surface chemical reactions induced by flows (e.g., 
corrosion). As such it was further considered in 1951 (and later) by Levich 
& Meiman (see [2] for this and subsequent work), Chambre and Acrivos in 
1956 [3], and Petersen [4]. Recently, Apelblat [5] provided a formulation of 
the first order problem from which the solution (i.e., concentration as a 
function of the two space variables) is obtained in integral form. In turn, this 
integral involves a function satisfying a certain integral equation. Here the 
solution (as well as that of a generalized version) of this equation is 
obtained. Together, Apelblat’s results and those in this note provide the 
solution, in closed form, of the first order problem. 
* Work primarily carried out while on leave from IBM Los Angeles Scientific. 
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2. FORMULATION 
For the sake of completeness we first provide a summary of Apelblat’s 
formulation starting with the two-dimensional equation of convective dif- 
fusion 
ac ac a2c uay+v-=D, 
aY a’ 
(x, y) in the first quadrant. (1) 
In (1) 2 and v are the horizontal and vertical velocity components (respec- 
tively) of the flow, while C is the concentration of the material added to the 
fluid and D is the diffusion coefftcient. We append to (1) the boundary con- 
ditions 
C(O, Y) = c, (a constant), (2) 
the condition far from the reaction surface 
lim C(*K, y) = C, , 
y-cm 
and 
= k,Y C. (4) 
The last condition is the first order approximation at the reaction surface, 
where k, is the constant rate of reaction. 
Introducing the Blasius solution for the components u and u within the 
boundary layer, i.e., 
u = A ‘y,ffi, L’ = A’y2/4x312, A’ = (a/4)(U;/v)“‘, cf = 1.33 
and iJ, is the free-stream velocity, and subsequently transforming via 
YE (~/25'6)(u~/v)'/4yx-':J = ayx-"4 
x = (23/2/3) D fi (~2~)~;~ .p4 = bx3i4 (5) 
C(X,Y)=C(X,Y)-c, 
we obtain from (1 j-(4) 
YaC/ax=a2C/au2 
lim C(X, Y) = 0 for X>O 
i--cc 
(6) 
(7) 
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and 
ac 
By _ =/3x”3c+px”3co, (8) 
Y-O 
Applying the Laplace transforms 
L,[ C?(X, Y)] = 19(s, Y) - j-oa e -c(X, Y) dX 
to (10) and (11) we find that 0 satisfies Airy’s equation 
(d*B/dY*) - sYt9 = 0 
whose general solution is 
B(s, Y) = c,Ai(s”3 Y) + c,Bi(s “3 Y). 
Since c is finite for all values of the argument Y and Bi(co) = co we take 
e(s, Y) = c&)Ai(s”“Y) 
with c*(s) to be evaluated from (8). 
Let 
then 
c,(s) = d~)PW) @i(O) = l/3 *13r213) 
8(s, Y) = g(s)(Ai(s”3 Y)/sAi(O)) = g(s) h(s, Y). 
Letting 
G’[ g(s)1 = G(X) and L,‘[4& y>] = WK 
we have, via the convolution theorem, 
c(X, Y) = i’ G(t) H(X - t, Y) dt. 
0 
The motivation for expressing cl(s) as above is the evaluation 
Y) 
ux = 1 _ 3’16r(2/3) -a e- 
2n J 5/6 0 U’ 
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where y is the incomplete gamma function. Altogether then 
x J,,, f y”* fi) ] du 
= 
dt 
(9) 
where ,I = 3 “‘61’(5)/2~. 
From (8) and (9), noting that 
H(X-f,O)= 1 and BH(X- t, O)/aY = -3”‘61’(+)/2~(X - t)‘.‘“, 
we find that G(t) must satisfy the integral equation 
3’?-(2/3) sx G(t)dt 
27t I .o (x-fy3 
= DX”’ r G(t) dt + /3C,,X’? 
-0 
The integral equation 
I 
x G(t)dt 
! 
.x 
.o (X- c)‘13 
+ AX”” G(r) dt = BX’j3 
-0 
via the transformation. Thus, 
X=A+J 7 [=A"Zr 
can be normalized to 
with the relationship G(t) = F(t/A”‘). There is no loss of generality, then, in 
considering 
1: ,“1”1;,3 + x”3 [ G(f) dt = kx’!’ 
for k constant. 
The subject of this note is the solution of 
J G,(t) dt 
I .‘” (x - t)” 
+ xa jr G,(t) dr = kx” O<cr<l 
(10) 
(11) 
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and the subsequent evaluation of (9): the solution of the original problem. In 
(11) we have subscripted G to indicate its dependence on a. 
3. MATHEMATICAL PRELIMINARIES 
We first establish the existence and uniqueness of an L, solution of (11) as 
well as a basic result on the behavior of G,(x) at x = 0. 
We shall need some preliminary evaluations. By an easy application of the 
convolution theorem we find that 
the reflection formula for the gamma function, and 
I 
x ta dt r(a) r(l + a) 
o (x-t)‘-“= r(l+2a) 
X 2a = c(a) xZa =f(x, 0) (13) 
f(x,s)=jj:Pdt/(x-t)? 
Upper and lower bounds on af/a x will also be needed and which may be 
obtained as follows 
f(x,s)=c(a)x*“- 
I 
: (x’:-m = c(a) xza - x*“B,,,(a + 1, a) 
(14) 
=x ‘a 
[ 
c(a)-(l/(a+ 1)) $ 
( 1 
Cl+1 
*F,( 1 + a, 1 - a, 2 + a; s/x) , 
I 
where B,(u, 6) is the incomplete beta function. From (14) it is easy to see 
(by direct differentiation) that 
af (XT 0) 
ax 
< af (x, S) ~ af (x, x - ) 
' ax ax . 
Here the hypergeometric function #,(l + a, 1 - a, 2 + a; s/x) converges 
uniformly for Is/xl < 1. It converges absolutely for s = x since a > 0. The 
above inequality yields 
af (x, s) Zac(a) xZa--l < 7 < k(a) xzrr-’ (15) 
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where 
k(a) = 2ac(a) + [(l - 2a(a + l))/(a + I)‘] #,(I + a, 1 -a, 2 + a; 1) 
+,F,(2+a,2-a,3+a;l). 
LEMMA. For 0 < a < 1 but a # l/4 there exisrs a unique (a.e.) L?[O, a] 
solution G,(x) of (12), where 0 < a < co, with 
iii x*-~=G,(x) = k 
r(l +a) 
r(l -a)r(2a) * 
(16) 
Proof. The technique is based on the independence of the integral (12) 
from the parameters x and s. It is an adaptation of the standard method used 
in converting a convolution Volterra equation of the first kind into one of the 
second kind. In (11) making the substitutions x -+ I, t + s and composing it 
with the kernel l/(x - t)lPu results in 
Now interchanging the order of integration, via Dirichlet’s formula, and 
applying (12) we obtain 
& +f(x, s) 
I 
G,(s) ds = kc(a) xzO. 
Differentiation with respect to x, noting that f(x, x) = 0, yields 
G,(x) + y f x Q-(x, s) W(1 + a)xZa-’ (17) 
-0 
ax G,(s) ds = 
Q2a)r(l -a) ’ 
By (15) it is seen that aflax E L,[O, a] for 0 < a < co and a # l/4. Then by 
a classical result (see [6], for example) (17), and therefore (12), has a unique 
(a.e.) solution in L,[O, a]. 
Finally, again via (15), we see that 
I 
x 
!z  X1-2a af/lax G,(s) ds = 0, 
0 
since j; G,(s) ds exists Vx E [0, a] (it appears in the second term of (11)). 
Hence (16) follows. Q.E.D. 
In the next section we shall exhibit the L,[O, u] solution of (11) valid 
Vu>0 when O<a( 1 and a#$. For a=: we shall show an L,[O,u] 
solution. 
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4. SERIES SOLUTION 
The Lemma, and in particular (16), provides a useful clue on the solution 
of (11). We attempt to solve (11) by means of the series 
G,(t)= ? a@-', 
iY2 (18) 
where the lower value of the summation index is due to (16). 
Substituting (18) in (11) and assuming that for some [0, a] 0 < a < co, 
the operations of integration and summation can be interchanged we obtain 
X(i-Z)a 
I 
= k. 
For i = 2 we obtain, as expected from (16), 
a, = kr( 1 + a)/r( 1 - a) T(2a), 
and for i = 3 we find that 
(I, = 0. 
(19) 
. 
(20) 
Otherwise we have 
F 
iY2 ( 
ai+2ai+2+~ xia =O, 
Ia 1 
where 
ai=r(l -a)T(ia)/T(l +(i- 1)a). 
Hence 
ai+zai+z + (aJia) = 0, 
From (20) and (21) we see that 
Vi = 2, 3,... . (21) 
a2i+l - -0 9 Vi = 1, 2,... . (22) 
In view of (22). Eq. (21) can be reduced to thefirst order difference equation 
a2(i+ 1) +fW a2i = 09 (23) 
where 
f(i) = 1/2iaa2,i f 1j = (2i+ l)r[(2i+ l)a]/2iT(l -a)r[2(i+ l)a]. 
CONVECTIVE HEAT TRANSFER PROBLEM 447 
The solution of (23), subject to (19), is 
a2i+2 - - a,(-1)’ ~.NX i = 1, 2,... 
i=l 
or explicitly 
(24a j a,(- l)i i n 
(2j + l)f[(2j + l)a] 
a2(i+ I) = ri(l _ a~ I=, 2jqq.j + l>a] 
= a2(-l)i(i + 1) i f[l + (2j+ l)al 
z-‘(1 - a) n j=l f[ 1 + (2j + 2)a] ’ 
i = 1, 2,... . G’4b) 
Series (18) can then be written as 
G,(t) = 2 a2if2in-‘, O<a<l 
i=I 
(25j 
with the coefftcients given by (24). 
Letting ZJ = t2a we obtain from (25) 
g,(u) = G,(u”‘~) = u’~~-“‘~~ 2 azci+,,ui. 
i-0 
(26) 
The radius of convergence of the power series in (26) is given by 
lim a2,i + l) 
I I 
~ =r(l -a) lim 
r[2(i + I)a] 
i-r a2(i+2) i-x r[(2i + l)a\ * 
However, 
. T[Z(i+ l)a] 
!irti r[(2i + l)a] = Ooq 
a f 0. 
This may be seen easily from Gauss’ multiplication formula 
(2 complex) 
or, alternatively, from the known result 
(27) 
409’90.2 I? 
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by letting z = (2i + 1) a, a = a and b = 0. Of course, (27) is the 
generalization of 
for all real arguments of ZY 
We have shown that (25) converges uniformly in every compact subset of 
the real line (with lim,,, G,(t) = co when 0 < a < f), and hence it is the 
solution of (11) Vt > 0. Furthermore, since (25) is an alternating series the 
estimation of the truncation error is easy. 
Note that G,(t) E L,[O, a] Vu > 0 with 0 < a < 1 a f $ and G,,4(t) E 
L,P, al. 
For a irrational it does not seem that G,(t) is one of the better known 
special functions (i.e., those listed in [7]). 
For four values of a (with a, set to 1) G,(t) was computed (see Table I) 
and the graphs are shown in Fig. 1. The computation of G,(t) for large 
values oft from series (23) is problematic and for such values an asymptotic 
expansion is advised. 
The function G,,,(t) is of particular interest here since it is involved, via 
(9), in the solution of the original boundary value problem. Specifically, 
recall the normalization preceding Eq. (10) and the relation 
G(t) = G,,,(r/A 3’2) 
where 
Then 
A = 2n/3/3 ‘V(f). 
cc 
G(r) = K1 u;itC2i13b-l 
iz 
with 
a& = (u3’2/A ‘) u2i. 
From (9) we find that 
lim c(X, I’) = lp G(t) dt 
X-+00 
(W9 Y) = Co) 
0 
and by condition (7) we see that 
(28) 
Irn G(t) dt = Cm G,,,(t) df = 0. 
0 -0 
(29) 
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TABLE I 
G,(t) 
a 
1 I a j i 4 
0.0001 
0.1 
0.2 
0.3 
0.5 
1.0 
1.5 
2.0 
2.5 
3.0 
3.5 
4.0 
4.5 
5.0 
5.5 
6.0 
6.5 
7.0 
7.5 
8.0 
8.5 
9.0 
9.5 
10.0 
10.5 
11.0 
11.5 
12.0 
12.5 
13.0 
13.5 
14.0 
14.5 
15.0 
15.5 
98.5155 
2.0478 
1.2342 
0.8976 
0.5850 
0.3130 
0.2077 
0.1541 
0.1213 
0.0992 
0.0834 
0.0716 
0.0625 
0.0552 
0.0493 
0.0444 
0.0403 
0.0368 
0.0338 
0.0311 
0.0277 
0.0172 
-0.0571 
21.4869 0.9992 
1.6686 0.9287 
1.1514 0.8631 
0.8991 0.8326 
0.6322 0.6990 
0.3588 0.5043 
0.2439 0.3741 
0.1807 0.2845 
0.1410 0.2213 
0.1141 0.1754 
0.0947 0.1416 
0.0802 0.1160 
0.0690 0.0964 
0.0602 0.0811 
0.0530 0.0689 
0.0472 0.0592 
0.0423 0.0513 
0.0382 0.0448 
0.0347 0.0394 
0.0312 0.0349 
0.0291 0.0311 
0.0268 0.0279 
0.0248 0.0201 
0.0230 0.0227 
0.0215 0.0206 
0.0200 0.0188 
0.0188 0.0172 
0.0176 0.0158 
0.0166 0.0146 
0.0157 0.0135 
0.0148 0.0125 
0.0140 0.0116 
0.0133 0.0108 
0.0126 O.OlOI 
0.0120 0.0095 
0.0100 
0.3139 
0.4379 
0.5271 
0.6511 
0.7937 
0.8051 
0.7482 
0.6590 
0.5600 
0.4643 
0.3785 
0.3053 
0.2448 
0.1960 
0.1571 
0.1464 
0.1022 
0.0833 
0.0604 
0.0566 
0.0473 
0.0398 
0.0338 
0.0290 
0.0250 
0.0218 
0.0192 
0.0175 
0.0173 
0.0219 
0.0429 
Initially, G,,, is positive and monotone decreasing (see Fig. 1). In view of 
(29) G,,, must eventually be negative on some interval. In the neighborhood 
of the (smallest positive) zero of G,,3, computational problems arise in the 
evaluation of G,,&) indicating possible oscillations for G,,&) past its first 
zero. However, again due to (29), such oscillations cannot be too wild. 
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FIG. 1. Initial behavior of G,(r). (--), u = i; (-), (X = f; (---A a = j; and (- . -), a = f. 
We can now complete the solution of the problem which gave rise to the 
integral equation (10) and motivated the preceding. 
5. SOLUTION OF THE LIGHTHILL-LEVICH PROBLEM 
From (9) and due to the uniform convergence of (28) we may write 
3 Y3” fi du. (30) 
The integrand of the double integral is a continuous function with respect to 
t and U. The improper integral also converges uniformly. Consequently, the 
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order of integration can be interchanged. This is very helpful in completing 
the integration. To wit, 
x 
J 
l(Zi/3)-le-uW-t) dt= (-u~-WJ e 
0 
-UK7 (4; -uX) 
= (3/2i) X2’/’ ,F,(l, 1 + (2i/3); -uX), 
where ,F, is the degenerate hypergeometric function, a result that may also 
be found independently by means of the convolution theorem. 
The remaining integral is 
1. = 3 Ox2il3 m  
I 2i I 
u 
-5l6J 
113 
0 ( 
f Y3iZ fi) 
x ,F, 1,1 +$-x24 du 
( 1 
3 0 x2il3 = - 
I 
Oc 
i 0 
u-*‘3J,,3 (f YJi'u) 
x ,F, 1,l + ;; -x2? dv. 
( ) 
In this form we may appeal to a known result [8] and obtain 
Ii = 3 ‘13r(2i/3) X2i’3Gi:: 
(G I:::.:::“)~ 
where G is Meijer’s G-function defined by the complex contour integral 
GE7 (x 1;;::;;:;;) 
where an empty product is taken as 1, and there are three different paths L 
of integration [7, pp. 206-2221. 
A reduction is possible. Noting that 
r(j - s) r( 1 - s) T(s)/T( 1 + s) Z( 1 + (2i/3) - s) 
= -r(j - s) T(-s)/T( 1 + (2i/3) - s) 
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Finally by [7, p. 216, No. 6] 
-G:; (x I::Ip) = -x-f~3e-x~zw,,3-2i,3,,,6(x), 
where W,,, is the Whitaker function. 
From (30) and the above intermediary results we have 
C(X, Y) = ? a$ 
[ 
3 jj x2i/3 
x i 
1% 
-Al” - 
( 1 Y 
with 
Xe- y”‘8xw*,3-2,,3, 1,6(Y3/9x) 1 
1: = R3’2i+ “13r(2i/3) = (3r(j)/2~) 3 2i’3r(2i/3). 
(31) 
We need to convert (31) to the original coordinates (see (5)). Doing so we 
obtain 
c(x,y)= 1 + ‘? b,,x”’ -(a’lI8b)(ylx~P 
CO i5 
e 
(32) 
where 
(-1y ‘ti q1 + (2j+ 1)/3] 
x~‘(2/3)i=, r[l +(2j+2)/3] 
8, = P2, /I, = b2’3/A 
and 
We point out the scaling factors /3,, P, , and 
p3 = a3196 (34) 
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which are combinations of the quantities, v, D, k, , and U,, for their possible 
importance in the physics of the problem. 
From (32) (and more directly from (9)) we see that 
C(x, 0) c(x)=7= 1 + 5 b*iXi’*, 
0 i=l 
TABLE II 
0.0001 1.3039 
0.1 I .6203 
0.2 1.6740 
0.3 1.7006 
0.5 1.7250 
1.0 1.7350 
1.5 1.7263 
2.0 1.7141 
2.5 1.7015 
3.0 1.6893 
3.5 1.6779 
4.0 1.6675 
4.5 1.6578 
5.0 1.6489 
5.5 1.6407 
6.0 1.6330 
6.5 1.6259 
1.0 1.6193 
7.5 1.6131 
8.0 1.6073 
8.5 1.6019 
9.0 1.5967 
9.5 1.5918 
10.0 1.5872 
10.5 1.5828 
11.0 1.5787 
11.5 1.5748 
12.0 1.5710 
12.5 1.5674 
13.0 1.5640 
13.5 1.5607 
14.0 1.5575 
14.5 1.5545 
15.0 1.5516 
15.5 1.5488 
(35) 
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1.8 
FIG. 2. Normalized concentration at the reaction surface. 
this being the distribution of concentration at the reaction surface. This is of 
particular interest in this problem and it is relatively easy to compute 
(Table II). For 
p, = 3 “‘“P(5)/7$(f) and PI= 1 
the graph of c(x) is shown in Fig. 2. 
. 
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